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Introduction

Merton's Portfolio problem

The value of the portfolio X(t), consists of a risky assets,
S(t) = u(t)X(t), and risk less bonds with risk-free rate r,
B(t) = (1 — u(t))X(t), where u(t) € [0, 1] is the control and

dS = a15dt + a,SdW, dB = rBdt
According to the self-financing considerations,

dXs = (a1us + r(1 — us)) Xsds + arus XsdWs, for s >t
Xt =X

For a given function g the cost function is defined as,
Cex(u) = E[g(X(T))IXe = x|
The goal is to determine the Markov control function that maximizes the

cost function.
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Introduction

Merton's Portfolio problem

The value function is: V/(t,x) = max, C¢ x(u), which solves the HJB
equation:

Vi + H(t,x, Vs, VXX) =0

V(T,x) = g(x)
for the Hamiltonian:

322[12 2

x“w)

H(t,x, p,w) = max(aiu + r(1 — u)xp +
u

— Solving this equation gives us the optimal strategy, which maximizes
the expected return of the risk neutral investor.
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Problem setting

What about the risk-averse investor? )

@ Goal: To extend dynamic optimal control problems, which are
risk-neutral, to a risk-averse environment.
— In this setting, a decision maker suffers an uncertain amount of
cost and his goal is to manage and minimize the total costs.

@ Risk-averse decision maker: A person who prefer a certain outcome
with a lower pay-off over an uncertain outcome with a higher pay-off.

@ Risk measures: Therefore, we need to introduce some risk measures
to quantify the preferences of the decision makers.
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Value at Risk (VaR)

@ A risk measure which has been widely used since 1980. In the late
1980s, it was integrated by JP Morgan on a firm-wide level into its
risk-management system.

@ VaR is defined as the minimum level of loss at a given confidence
level for a predefined time horizon.
— A portfolio with a 1-day 99% VaR equal to 1 million means over
the horizon of 1 day, the portfolio may lose more than 1 million with
probability equal to 1%.

o The VaR at level 3 € (0,1) of the random variable X is defined as:

VaR(X) = sup{x|P(X < x) < 3}
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Value at Risk (VaR)
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Figure: The VaR at 95% risk level of the random .variable X
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Coherent Risk Measures

Can we find a set of desirable properties that a risk measure should satisfy?
— An answer is given by Artzner et. al. [1]. They provide an axiomatic
definition of a functional which they call a coherent risk measure (R).

@ Monotonicity: if Y < Y’, then R(Y) < R(Y)

@ Subadditivity: R(Y +Y') <R(Y)+R(Y')

© Translation equivariance: R(Y +¢) =R(Y)+ c for ce R
Q Positive homogeneity: R(AY) = A R(Y) for A >0

VaR does not satisfies Subadditivity property.
— Next, we introduce a risk measure, which satisfies the above axioms
and thus is a coherent risk measure.
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Entropic Value at Risk (EVaR) Ahmadi-Javid [5]

@ Entropic VaR: Coherent risk measure that is the tightest possible
upper bound obtained from the Chernoff inequality.

@ Chernoff inequality: For any constant « and the random variable X,
whose moment generating function Mx (/) exists for £ > 0; it holds,

P(X > 7) < e " Mx(t) = e 'E[e"X]

@ By solving the equation e ™My (¢) = /3 with respect to ~y for

Belo1] () = zlog(M%(e))

for which we have P(X > 7(5)) < /. In fact, for each £ > 0, 4(j) is
an upper bound for VaRl_B. We define the best upper bound of this
type as EVaR.

@ By changing variable § = —IogBA, we obtain the following formula for
EVaR, for 8 € [0, ) )
EVaRj(X) = inf Z(5 + log E[eX])
>
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EVaR of Gaussians

For a normally distributed random variable X ~ N(u, 0?) with o > 0 and
a, b € R it holds that:

EVaRg(a + bX) = a+ bu+ o|b|/23 (1)
Proof:

It holds that E[e**] = exp(u! + 3(?0?) and thus,
1 1 12 2 1 1
- - ul+s0c0 _ - —p 2
€5+£Iog(e 2477 €B+,u+2£o*
which attains its minimum at /* = %\/26. Thus,
1 1 * 2
EVaRg(X)zg—*ﬁ—Fu—Fiﬂa =p+ o208

Finally, using the fact that a + bX ~ A(a + bu, b?>0?) terminates the
proof.

4
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Nested EVaR

@ Classical, non-nested, risk measures only asses the accumulated
position at time T, so that the risk manager can never intervene.

@ Thus, we introduce nested risk measures which allow quantifying risk
via dynamic programming equations.
Definition 1 (Nested risk measures)

For the random variable Y = (Yt):c[o, 7] adapted to the filtration Fy, the
risk measure R, and the partition P =[0 =ty < ... < t; < ... < t, = T],
the nested risk measures is defined as:

ifi=n—1: R{tj}f:n_l(y|ftn—1) =R (Y| F, )
ifi<n—1: RUWE(Y|F) = R" (R{tf}f":"“(Y\Fr,-H)

]-"t,>
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Nested Risk Measures

Definition 2 (Nested Entropic Value at Risk)

For the partition ‘P and a vector of risk levels
B = (B, Ati, ..., B, Atp_1), the nested EVaR is:

ifi=n—1:

REVaRS I (Y|, L) = EVaRs, . aey (YT )
ifi<n—1:
nEVaRY (Y| F,) = EVaRg, A (nEvaRf;f}f:’“ (Y1 Fe)| 7o)

Often, the risk evaluation of R%T(Y7) of the terminal value Y7 of some
stochastic process Y is of interest.
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Nested Risk Measures

Proposition 1 (Pichler and Schlotter [2])

For Yr = Yy + Y/} AY,; and the partition
P=[0=ty<..<t<..<ty,=T], it holds that

ifi=n—1:
Rt (Yo |F, ) == Yo, + ROY(AY,, [ Fes)
ifi<n—1: (2)

R{tf}f'":"(yﬂftf) =R (R{tj}f:i“(yﬂ}—fiﬂ)

]-"t,.)

Therefore, it is sufficient to study conditional risk evaluations of
increments.
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Nested EVaR for Gaussian Random Walk

Let W = (W;)tep be a Wiener process evaluated on the partition P.
Also, let 8 := (B, Ato, ..., Bt, ,Atn—1) be a vector of risk levels. Then,

nEVaRE (Wr) = Ati/28,,

Proof:
Note that W;,, — Wy ~ N(0, tit1 — t;) and by (1), the conditional EVaR

is:
EvaRﬁt,-Ati(WfiH‘Wfi) = Wy, + VAtin/ 2B, At;

Iterating as in (2), shows

nEVaR7 (Wr) Z\/ t,\/2BtAt,—ZAt, 28,

Sassan Mokhtar Risk-Averse Optimal Control May 15, 2020 16 /62



Nested EVaR in Continuous Time

@ Up to now, the nested risk measures in discrete time on partition
P=[0=ty<..<t,= T]of the interval T = [0, T] is considered.

@ The next step is to refine the partition to obtain a limit of the nEVaR
in continuous time.

— First, extend the vector of risk levels to continuous time by introducing

the function 5 : [0, T] — [0, 00) called the risk rate. Then, extend the
definition of the nEVaR to risk rates /3(.).

Definition 3

For a given finite partition P and the Riemann integrable risk rate /3(.),
the nEVaR is defined as,

nEVaRG \(Y) = nEVaRg(Y)

where the vector of risk levels is 3 := (B(to)Ato, ..., B(tn—1)Ath—1).

v
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Nested EVaR in Continuous Time
Given the Riemann integrable risk rate §(.), it is time to investigate the
relationship of nEVaR for different partitions.

Proposition 2 (Pichler and Schlotter [2])

Let Y be a random variable and 3 : [0, T| — [0, 00) be a piecewise
constant risk rate. For a partition P1, fine enough to contain all points of
discontinuity of B and for every refinement P included in Py, the following
inequality holds true:

nEVaRj \(Y) < nEVaRg({)(Y)

Proof:

It is enough to consider the partitions P; = {0 =ty < tp = T} and
P={0=ty <ty <ty= T} of [0, T| and the constant risk rate 3(.).
Then, the general case follows by induction.
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Proof

According to the definition of the EVaR,
o1
EVaRs(e)an (Y1 Fe) =inf ; (ﬁ(tl)Atl + |og(E[e”\ftl])>
By nesting,
P _

inf % (5(to)Ato+log £ [eXp (xinf % (3() s +log(Ele™ | 71)) ) ) ‘f“’] >

Choose ¢ = x,

1 x
nEVaR% ) < inf ~(8(to)Ato + B(t1) Aty + log(E[E[™Y | F,]| Fu)))
= EVaRs()ant+a(n)an(Y)
But 5(.) is constant. Thus,
nEVaR}( () < EVaRs(,)an+a)(Y) = nEVaRg(l_)(Y)
Risk-Averse Optimal Control May 15, 2020  19/62



Nested EVaR in Continuous Time

Now, we are able to extend the nEVaR to continuous time:

Definition 4 (nEVaR in continuous time)

For 5(.) Riemann integrable,
nEVaRE(T)(Y]}"t) = essinfpﬁ(_)zﬁ(_)nEVaRg(.)(Y|.7-'t)

where the infimum is among all partitions P C [t, T| and piecewise
constant functions 3(.) > f(.)

4

According to proposition (2), the essential infimum in the definition of the
continuous nEVaR can be replaced by the limit of nonincreasing sequence.
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Nested EVaR of Wiener Process

The nested EVaR of the Wiener process W on T = [0, T] for a risk rate
B:T —1[0,00) is

nEVaR% T (Wr) = /\/ t)dt

Proof:
Consider the partition P of size n of 7. By nesting:

nEVaR% " (Wr) = Z\/ tin/28(t;) At —ZAt, 26(t))

Taking the limit n — oo shows that

nEVaRB() WT / \/ dt
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Risk-averse Optimal Control

Infinitesimal Generator

@ The infinitesimal generator is the differential operator describing the

evolution of the system.
@ Goal: To introduce the generator in the presence of risk

— which extends the notion of the infinitesimal generator of Markov

processes by replacing the expectation by a risk measure.

@ This enables us to formulate and solve risk-averse control problems.

Infinitesimal generator

Recall the generator,

Go(t,x) = AIitmO AitJE[gb(t + At, Xeine) — qb(t,x)’Xt = x|

Then, for the SDE dX; = b(X¢, t)dt + o (X, t)dW, it holds:

o 9 1,0
9=t T2 e
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Risk-averse Optimal Control

Entropic Generator

Proposition 3 (Entropic generator, Pichler and Schlotter [2])

For the entropic generator:

1
Go(t,x) == Aljrrllo EEvaRg,At [d)(t + At, Xernr) — gb(t,x)‘Xt = X]

It holds that

0 o 1,0 — 0

@ The entropic risk generator can be decomposed as the sum of the
classical generator and the nonlinear term \/25‘0.6% :

@ This additional risk term can be interpreted as a directed drift term
where the uncertain drift %(t,Xt) is scaled with volatility o.

@ The coefficient \/23(.) expresses risk aversion.
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Sketch of Proof

Assumption 1

— Hélder continuity: Assume that there exist a C > 0 and n € (0,1/2)
such that
|o(u,y) = o(s,x)[ < Clu—s|"

uniformly for all x,y € R.
— Also, assume that ¢ € CY?(T,R) such that % is bounded.

For the risk rate 3, the risk generator based on the EVaR is:
1
g¢(t7 X) = l|7[>nO E(EvaRB(t)h(ﬁ(t + h, Xt+h|Xt = X) - (b(t?X))

for those functions that the limit exists.
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Sketch of Proof

Apply It6 formula:

t+h o o 2 B
e+ b Xeun) =00 = [ (504650 + G 55 ) (s X)ds+

For convenience, set fi(t,x) := (% + bg—f + %%)(t,x) and
At x) = (752 (t.%)
Thus, we can rewrite G as:

Go(t,x) ==

1 t+h t+h
lim —EVaR fi(s, Xs)d: f>(s, Xs)dW:
lim - EVa 5(t).h[/t 1(s, Xs) 5+/t 2(s, Xs)dWs

thx]
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Sketch of Proof

Now, the goal is to show that for each (¢, x), the following inequality holds,

|Go(t,x) — fi(t,x) — /2B(t)|fa(t, x)I| <0

Using subadditivity of EVaR and the triangle inequality:
. 1 t+h
0< lim ]EVaRﬁ(t),,, [h/t fi(s, Xs)ds — fl(t,x)‘Xt - x} ‘

. 1 t+h
+ I!:ino ‘EVaRﬁ(t).h [h/ f2(57Xs)dWs Y 2/8(t)‘f2(tvx)|
t

]
(3)

Consider each term separately.
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Sketch of Proof

In the case of the first term, note that s — fi(s, X;) — fi(t, x) is
continuous almost surely and hence the mean value theorem for definite
integrals implies that there exists a £ € [t, t + h] such that

1 t+h
h/ (s, Xs)ds — fi(£,x) = A(E, Xe) — fi(t,x)

Then, the subadditivity of EVaR yields,

1 t+h
lim ‘EVaRﬁ(t).h(h/t fi(s, Xs) — fl(t,x)ds’Xt - x)‘ ~0
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Sketch of Proof

In the case of the second term, note that we have the following bound,

1 t+h
EVaRson [ [l Xe)dWs
t

Xt:x} <

1 t+h
EVaRp(e) 5 [h/ fo(s, Xs) — B(t, x)dW,
t

Xt:X:|+

1 t+h
EVaR )4 [h/ f(t, x)dWs| X, = x]
t

where EVaRg() 5 [% [ 6t x)dWs

X, :x} = \/28(1)|6(t, x)|. Thus,

1 t+h
< i - -
(3) < lim |EVaRs( 4] /t (s, X5) — ot x)dWs

]
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Risk-averse Optimal Control

Sketch of Proof

Therefore, it only remains to show that:

1 t+h
lim [EVaRse) | 7 / (s, X5) — o(t, x)dWs

Xt:x”:O

Form the stochastic integral My, := tt+h f(s, Xs) — fa(t, x)dWs, which is
a continuous martingale with bounded quadratic variation,

C‘2h1+277
My, < —— 4
(M) < S *)

Then, according to the definition of the EVaR,

1 o1
EVaRj(0) p(MalXe = x) = inf —(B(¢)-h + log(Elexp(¢Mp)])|X; = x)
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Sketch of Proof

But My, is a martingale and satisfies Novikov's condition and thus
Elexp(¢M)y, — 62%)] = 1. Combining this with (4) yield,

52 C2h277+1
E[e!M] < ( )
[ = ee (55,7

Therefore,
£2 C2 h27]+1 )

1
EEVaRB(t),,(M,,p(t_x)< inf 7(5(1&)./7 T

__B(t) ¢ C2p Ch
= inf - =/2B(t). ——
o 0 T2yt A=
We conclude that:
) 1 t+h
lim ‘EVaRB(t)_h[h/t fa(s, Xs) — fa(t, x)dWs | Xy = XH -0

which completes the proof.
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Risk-averse Optimal Control

Formulation of Risk-averse Optimal Control Problem

After derivation of risk-averse generator, it is time to formulate the
risk-averse optimal control problem and derive the associated HJB
equation.

— Recall the classical optimal control setup:

Consider the set of admissible controls

U0, Tl :=={u: [0, T] x Q — Ulu is adapted}

where U C R. Consider the controlled stochastic process (Xs”") given
by: (u e Ult, T])
dX2" = b(s, X2 u(s))ds + (s, X, u(s))dWs
t,x,u
XoT =x

(5)

For the running cost h: [0,t] x R x U — R and a terminal cost
g : R — R, the total cost accumulated over [t, T] is

o
[ s xem v u(e)ds + g(X)
t
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Risk-averse Optimal Control

Formulation of Risk-averse Optimal Control Problem

— Now, the risk-averse optimal control problem formulated as follow:

For 5:[0, T] — [0, 00) define the controlled value function:

T
Vi(t,x) := nEVaRE() ( / (s, XE%*, u(s))ds + g(X7™"))
t
Then, optimal value function V : [0, T] x R — R,

V(t = inf VYt
(02)= il V()

— The next step is to show that the risk-averse optimal value function V
satisfies the analogue of the dynamic programming principle.
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Risk-averse Optimal Control

Dynamic Programming Principle

Lemma 1
Let (t,x) € [0, T) x R and r € (t, T], then it holds that,

_ H t: t,x,u t,x,u
V(t,x) = uew(f;r) nEVaRﬁ(.)(/t h(s, X;™Y us)ds + V(r, X} 1)

Xi = x)
(6)

Proof: The proof consists of two steps. In the first step, we start with
V(t, x) and show that it is greater than or equal to the RHS. While, the
step 2 consists of showing the converse inequality by starting with the
RHS.

Step 1:

For every € > 0 there exist a {i(.) € U[t, T] such that

V(t,x) +& > VI(t,x) . On the other hand, based on the definition of the
nested risk measures:

Sassan Mokhtar Risk-Averse Optimal Control May 15, 2020 34/62



Proof

Vi(t,x) =

T ~
nEVaR57, (nEVaR3() ( /t h(s, XEXT, G,)ds + g(Xi0)

)

For each r € (t, T], the following inequality holds almost surely,

thx)

T
nEVaRE&(/ h(s, X (r),d ~S)ds+g(er(r )

) > V/(r, XE00)

Therefore, subadditivity of nEVaR yields,

V(t,x)+e > inf nEVaRg()(/ b5, XE* )4 V(. XE*)

ueU(t,r)

thx)

The fact that € > 0 can be chosen arbitrarily, completes the step 1 proof
(=).
Risk-Averse Optimal Control May 15, 2020  35/62



Proof

Step 2:

To prove the converse inequality, again consider a fixed € > 0, then there
exist a & € U[t, r] such that,

. t:r t,x,u t,x,u
uew({;’r)nEVaRﬂ(.m/t h(s, X5V, ug)ds + V(r, XE%4)

r
ZnEVaRgb(/ h(s,X;v)“”’ ﬁs)ds + V(r’Xrt'yX,u)
t

Xt:x>+5

Xt:X>

Then, we need to define the piecewise control function for [t, r) and [r, T].
For doing this, for every y € R let d(y) € U[r, T] be such that

V(r,y) +¢e > VI)(r y). We assume that the mapping y + ii(y) is
measurable and construct the control function:

o ) s s € [t,r)
S G@(XY) selr, T]
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Proof

Using monotonicity of nested risk measure,

nEVaRﬁ()</ h(s, X280, G)ds + V(r, X257)| X, = x)

>nEVaRB()(/ h(S,XsthU 7 )dS—|— Vus )(r th u) X :X) — e

-
:nEVaRg(T) (/ h(s, Xst’x’uo)ds n g(X;_,x,uo)|Xt _ X) .
t
V9(t,x) —¢

Combining the inequalities yields,

r
inf nEVaR&! (/ h(s, X2 ug)ds + V(r, XE5U)| X
uelb?(t,r)n 0 t (5% e)es + VI(n %)

—X) +e
> Vo (t,x) —e > V(t,x) —¢

Again, the fact that € was arbitrary, finishes the proof.
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Risk-averse Optimal Control

Hamilton Jacobi Bellman equation

— Following theorem provides the only remaining ingredient for deriving
the analogue of the HJB equation,

Theorem 2

Let (Xs)seT be the solution of the SDE dX; = b(X¢, t)dt + o(Xt, t)dW;
with initial condition X; = x. Also, let h(.,.), V(.,.) € CY?(T,R) such
that %—Z is bounded, then it holds (for entropic generator G derived in
Proposition (3) ),

1
lim —

t+4
t:t+0 — = =
lim = nEVaR(S (/t h(s, Xs)ds+V(t+6, Xes5) V(t,x))xt x)

h(t,x)+GV(t,x) (7)

v
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Risk-averse Optimal Control

Hamilton Jacobi Bellman equation

Taking the limit r — t in the dynamic programming principle (6) yields,

1 r
= inf EVaR h(s, X2! d
0 ue;/?(t N T —;nEVa 5()</ (s, X5, u(s))ds

FV(r, XEOU) — V(t, x)

Xt = X)
Combining with theorem, results in:

0= irLllf{h(t,x, u)+GV(t,x)}

o?(t,x,u) 0*V
2 Ox?2

+V/28(t, )2, % “)(?;\;(t’x)‘}

= inf {h(t,x, u) + ov t,x) + b(t, x, u)g—v(t,x) +
u X

8t(
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Risk-averse Optimal Control

Hamilton Jacobi Bellman equation

Therefore,
Corollary 3

the risk-averse value function V(t, x) solves the HJB equation,

oV oV 9%V
E“‘_H( 87 Ix 2) 0
V(T,x) =g(x)

with Hamiltonian function

H(t, x, p,w) = ir;f {b(u).p + %J(u)z.w + h(u) + /25.|o(

u)pl}
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Proof of Theorem (2)

The idea of proof is to show that:

1 _ t+4
gim anVaRE(t.J)”s (/ h(s, Xs)ds + V(t + 9, Xe15) — V (¢, x)‘fr) -
t

0|0
h(t,x) —GV(t,x)|=0
Also, recall that the elntropic generator is defined as,
GVt x) = lim SEVaRs(e) 5 (V(E + 6, XepslXe = x) = V(£,))
Let start with LHS of (7), which can be bounded from above using the
subadditivity of coherent risk measures:
1 t+48
lim nEVaRg(“)“‘S<5/ h(s,Xs)ds‘Xt _ x>+
t
% X -V
lim nEVaR® t+5< (40, Xe19) (t,x) ‘Xt = x)
6—0 () 1)
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Risk-averse Optimal Control

Proof of Theorem (2)

where the first part converges to h(t, x) following the arguments in the
proof of entropic generator.

The second term can be written as a limit over all possible partitions P of
[t,t + J] given by P = (to, ..., tn)

lim lim EVaR
50 | P]|—0 Alto)Ato

EVaRg(e, 1)a, < V(t + 6, Xers) — V(¢,x) ‘]:tn_l) ...‘J:t())

J

this limit converges uniformly in § for fixed P and thus can be
interchanged. Then, definition of the entropic generator yields,

V(t+ 6, Xers) — V(t,x)
t:t+5 s /\t4-6 5 o
I|m nEVaRB() ( 5 ‘Fto) =

V(t+ 9, X - V(t,
( Hg;) ( X)‘J—_'to> — gV(t,X)

which leads to the desired expression and terminates the proof.

fim EVaR(i,
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Risk-Averse Merton’s Portfolio Problem

Classical Merton's Portfolio Problem

@ In the formulation of the classical Merton's portfolio problem, one
need to determine the running cost h and the terminal cost g.

@ This can be done by applying the concept of utility functions, which
characterize the investors preferences and is the function of wealth or
consumption.

e Utility function express how satisfied the investor is with a certain
outcome of the investment.

@ In this setup, running cost h is the utility of consumption, which
represents the case where the investor makes a living from the
investment and consumes money from the bank account.

o If there is no consumption, then we only need to maximize the
expected utility of the final wealth g.
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Risk-Averse Merton’s Portfolio Problem

Classical Merton's Portfolio Problem

@ It is assumed that utility functions are strictly increasing, strictly
concave and continuous. (Tikosi [6])

e Examples: g(x) = log(x) and g(x) = x7 where 0 < v < 1.
o Consider the case where g(x) = log(x) and there is no consumption
by the investor.

— Recall the controlled SDE:

dXs = (a1us + r(1 — us)) Xsds + apus XsdWs, for s >t
Xt = X

Then, our goal is to solve the following equation and obtain the optimal
control function:

V(t,x) = max Ellog(X(T))| Xt = x]
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Classical Merton's Portfolio Problem

Applying the It6 formula, integration, and taking expected value yields,

-
1
mL?xE[Iog(X(T))}Xt =x| = Iog(x)+m3xIE[/ alus+r(1—us)—§a§u§ds}
t

However, the function ajus + r(1 — us) — %a2u is strictly concave:

N

0 1

%<a1us +r(l—us) — Eagus) —a; —r—asu
0? 1

92 (alus r(1—us) — §a§u§> =-a5<0

Therefore, we obtain i = &

>'. Thus, the optimal control is defined as,

B
0 if <0
v={ 0 if aelo,1]
1 if 4>1
Risk-Averse Optimal Control
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Risk-Averse Merton’s Portfolio Problem

Classical Merton's Portfolio Problem

Finally, the corresponding value function is:

log(x) +r(T —t) if <0
V(t,x) = log(x)+ (r+ 5N T —1)  if ac(o1]
log(x) + (a1 — %az)(T —t) if 4>1

Notice that the simplicity of this solution is due to the fact that the SDE
has an exponential solution. Thus, taking the logarithm leads us to the
simple equation.

— The next step is to compute the associated formula for the
g(x) = log(x) in the risk-averse formulation.
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Risk-Averse Merton's Portfolio Problem

Derivation by applying the HJB equation: Recall the drift and
diffusion term in the controlled SDE were given by:
b(s, X) = (alus +r(1-— us))Xs, o(s,X) = axusXs
Also, recall the risk-averse Hamiltonian:
H(t, x, Vi, Vi) = sup {bv + 502V — V2050 Vs |}
u€el0,1]

Plug the values for drift and diffusion terms in Hamiltonian:

H(t,X, VX7 Vxx) -

sup {(alus+r(1 — us))xVi + = 32u x* Vi — \/265|32usxvx\}
uel0,1] 2

Under the assumption that V, > 0, and V,, < 0, the function inside the

suprimum is concave, and its first derivative with respect to the control u
is:
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Risk-Averse Merton's Portfolio Problem

aixVi — rxV + a%usx2 Vix — v/ 2BsasxVy

Thus, the optimal solution is given by:

L r—a;— a/23s V2

Us = 3% XVXX (8)

Then, the optimal control is given by,
0 if ;<0
U: = l,)t if ﬁt S [O, 1]
1 if dp>1
The optimal yields the HJB equation:
Vt + %(t,X, VX, Vxx) =0
V(T, x) = log(x)

where,
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Risk-Averse Merton's Portfolio Problem

rxViy if 0:<0
2
H(t, %, Vie, Vi) = § mxVye — l%\‘/ﬁ if 0, € [0,1]
axVy + a2X Vo if 0,>1

The next step is to find the value functlon. For the case where §; € [0, 1],
we apply the following ansatz:

Ansatz: V/(t,x) = log(x) + f(t)

Therefore,

1 1
Ve = f/(t)7 Vi = ;’ Vix = _;

By plugging these values in the HJB equation:
F(1) = (a1 —r— azvzﬁt)
2a3
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Risk-Averse Merton's Portfolio Problem

Then, the solution to this ODE is given by,

f(t)_/tTr-i- (1= r = 22V2%)"

B 2a3

Consequently,

V(t, x) = log(x) + /tT r+ (al —r- 32\/ﬂ)

2a2

Similarly, one can apply the same ansatz and obtain the corresponding
value function for other two cases:

log(x) 4+ r(T —t) if ;<0
2
V(t,x) =< log(x)+ ft r+ %ds if 0;€]0,1]
2
log(x) + (a1 — 7%)(7' —t) if 0,>1
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Risk-Averse Merton's Portfolio Problem

Finally, plugging V/(t, x) into the equation (8), leads to the following
control d; = "1”;7322\/27& for 0 € [0,1]. Then, the optimal control is given
by, ’
0 if ;<0
if d;€0,1]
1 if 0, >1

which matches the result of the first derivation.

*_
u, =

<>
~
==
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General Risk-Neutral Merton's Portfolio Problem

— The next step is to consider the more general case where the running
cost h is not zero. In this case, we assume that the investor consumes
wealth at non-negative rate c(t) at time t > 0.

Therefore the controlled SDE becomes,

dXs = [(a1us + r(1 — us))Xs — cs|ds + apus XsdWs, fors >t
Xt =X

Also, assume that the running utility of consumption is given by h(c) = %

and the utility derived from terminal wealth is of the form g(x) = %
where 0 < p < 1. Then, the Hamiltonian is,

H(t,X, VX7 Vxx) -
15505 Cf
sup {[(aluS +r(1-— us))x — )V + zasusx” Vi + —}

u€el0,1],c 2 P
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General Risk-Neutral Merton's Portfolio Problem

Therefore,

H(taX7 VX7 VXX) -

1 cf
sup {(alus +r(l— us))xVX + fa§u§x2 VXX} + sup {—5 — CSVX}
uelo,1] 2 c Up

Thus, the optimal controls are given by,

r—a VX2 * i1
= _— = VP
Us a% XV , GCs %
Define,
0 if ;<0
U;k = ﬁt if ﬁt S [0, 1]
1 if 0y >1

Plug these values in HJB equation (for & € [0, 1] case)
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General Risk-Neutral Merton's Portfolio Problem

The objective is to find the value function that satisfies the HJB equation.
For doing this, use the following ansatz,

p

_ 1-p X~
V(t,x) = f(t) )

Then,

V, = (1—p)f(t)_pf’(t));p, Vi = F()1PxPL, Vi = (p—1)F(£)1PxP2
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General Risk-Neutral Merton's Portfolio Problem

By plugging into HJB equation,

1 (ar—1r)?
(p—1) a3

1-p —pg! —p
(pf(t) f(t) + rf(t)! -3
1-—
‘l‘Tf(t) >Xp:0
fF(T)!P=1

Mathematical simplification yields the following ODE,

/ 1 P (al—r)2
f(t)Jrﬂ(rp_ 2p—1) 2

(&) +1=0

f(T)y=1

Let k = ﬁ( —rmp— 2(1’%)%) Then, the ODE becomes,
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General Risk-Neutral Merton's Portfolio Problem

F(t) — kf(t) +1=0
F(T) =1

And the solution to this ODE is given by,

1 —exp{—k(T —1t)}
k

f(t) = + exp{—k(T —t)}

The final step is to compute the optimal controls using this choice of value

function V/,

a —r X(t

. 2 7 C*(t) — f( )

a3(1-p) (1)
— Therefore, the investor should trade continuously in order to keep a
constant fraction u* of wealth in the stocks and consume at the rate
proportional to total wealth; however, the proportion is.time-dependent.
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General Risk-Averse Merton's Portfolio Problem

— Now, the objective is to extend the general Merton's portfolio problem
to the risk-averse case.

Recall that,

b(s, X) = (arus + r(1 — us))Xs — ¢s o(s, X) = apusXs
Then, the Hamiltonian is given by,
H(t,x, Vi, Vix) =
ues[arlJ]’C { (arus+r(1—us))xVi—cs Vx—i—%agufxz Vix— /205 a2 usxVXH—(f}

Thus,

Sassan Mokhtar
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General Risk-Averse Merton's Portfolio Problem

H(taX, VX7 VXX) =

1
sm[Jp ] {(alus + r(1 — us))xVi + §a§u§x2 Vix — \/255|32u5xvx|}
uelo,1
p

—i—sup{ +C—s —csVX}
c p

Then, again under the assumption that Vx > 0 and Vi, < 0 inside the
first suprimum is concave. Then, the optimal solutions are given by,

_r—ai— V28, V2 o = YT

s =
2 ’ s
a; Vix

Plugging these values in HJB equation yields,
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General Risk-Averse Merton's Portfolio Problem

1(a1 — 1 — apy/2
VRNV G Sl 2 B Vi L 1=Py g
as Vxx P
p
V(T,x) ="
p

The next step is to obtain the solution of the HJB,
Ansatz: V(t,x) = f(t)l_”x—:

Plug into HJB and some mathematical simplification yields the following
ODE:

F(t) — k(t)F(t) +1=0
F(T)=1

—r— 2
where k(t) = ﬁ( 1o gy :%QM) )
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General Risk-Averse Merton's Portfolio Problem

Then, the solution to this ODE is given by,

l—ft exp{— ft (s)ds}ds

f
(8= exp{— ft (s)ds}

Remark

This derivation is for the general case, where the risk level 3 is function of
time. If 8 is constant, then the value function is similar to the risk-neutral
case, of course with new k.

The final step is to compute the optimal controls using this choice of value
function V/,

a3(1 - p)
Risk-Averse Optimal Control May 15, 2020 61/62
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